We provide a simple derivation of metrics for fundamental geometrical deformations such as Hopf fibration, squashing and Z k quotient which play essential roles in recent studies on the AdS4/CFT3. A general metric formula of Hopf fibrations for complex and quaternion cosets is presented. Squashing is given by a similarity transformation which changes the metric preserving the isometric symmetry of the projective space. On the other hand Z k quotient is given as a lens space which changes the topology preserving the "local" metric.
Introduction
In recent studies on AdS4/CFT3 [1] interesting subjects are explored by fundamental geometrical deformations such as Hopf fibration, squashing and Z k quotient [2, 3, 4] . The AdS 4 ×S 7 is a maximal supersymmetric solution of the M-theory, and a gauge theory on the 3-dimensional membrane world volume including N=8 supersymmetries is expected to be its CFT dual [1, 5] . For the N=6 superconformal symmetry, whose bosonic subgroup is SU(4)×U (1) , the Chern-Simon-matter theory with level k is conjectured to be CFT dual of the M theory on the AdS 4 ×S 7 /Z k [1] . Dimensional reduction by increasing k reduces it into the type IIA superstring theory on the AdS 4 ×CP 3 [6, 7] . The N=1 superconformal theory with the bosonic subgroup Sp (2)×Sp (1), where Sp (2)=SO (5) and Sp (1)=SO (3), is conjectured to be dual of the M theory on AdS 4 ×S 7 /Z k [8] whereS 7 is squashed S 7 . There is also squashed CP 3 solution [9] and other squashing gravity duals in the AdS/CFT including N=2, 3 superconformal cases have been examined [10] .
Squashed solutions and Z k quotient solutions were widely studied in the 11-dimensional supergravity theory [3, 4, 11] and in the superstring theories [12] . Recently intensive studies on such deformations have been explored in the 5-dimensional supergravity theory related to black hole solutions [13, 14] . They are also useful to explore 11-dimensional supergravity solutions from the point of view of analogy between 5-dimensional and 11-dimensional supergravity theories [15] . Squashing deforms a kind of 5-dimensional asymptotically flat black hole solution into an asymptotically locally flat Kaluza-Klein black hole solution with a compact extra dimension. Z k quotient of a compact direction gives a Kaluza-Klein monopole solution with a magnetic charge k [16] . Squashing preserves the global isometric symmetry but changes the local metric, while Z k quotient changes the topological structure but does not change the local metric.
The Hopf fibration describes a 3-dimensional sphere in terms of a 1-dimensional fiber over a 2-dimensional sphere base space whose metric is a projective space metric locally. Its generalization to real, complex, quarternionic and octonionic projective spaces exist. The corresponding cosets are known as listed [17] in table 1. It is denoted that Sp(n) is a group of n × n matrices of quaternion numbers. In this paper we present a simple description of these spaces by following the projective lightcone limit procedure proposed in [18] . The projective lightcone limit brings the AdS 5 space into the 4-dimensional projective lightcone space where CFT lives in. It was generalized to a Hopf fibration, a map from a (2N + 1)-dimensional sphere to a N-dimensional complex projective space, as a simple derivation of the Fubini-Study metric [19] . There is a gauged sigma model derivation of CP N metric [20] where constrained N + 1 complex coordinates are used. Starting from the S 2N +1 metric, a gauge field is introduced for the local U(1) and then it is eliminated by the equation of motion to obtain the CP N metric. Instead we use a whole U(N + 1) matrix as coordinates which includes U(1) field and U(N) fields. In this formulation it is clear how coset, sigma model and geometry are related; for a coset U(N + 1)/U(N) the kinetic term for U(N) fields is absent resulting S 2N +1 , and for a coset U(N + 1)/U(N)×U(1) the kinetic term for U(1) field in addition to U(N) fields is absent resulting CP N . 
In this paper we extend this formulation to Hopf fibrations listed in table 1 and to deformations such as squashing and Z k quotient. In next section a general formula of Hopf fibrations is derived where coordinates are embedded in a group matrix. Squashing is explained as a similarity transformation. After discussing a real coset case, a complex coset case is presented in section 4. Z k quotient is presented as a lens space there. In section 5 a quaternion coset case is presented. Squashed S 7 in our formulation is also presented which is consistent to the one obtained by Awada, Duff and Pope [3] .
General formula
In this section we present a simple derivation of metrics for a sphere and a projective space. A squashing is introduced as a similarity transformation.
We begin by a metric for a sphere whose corresponding coset G/H is in table 1. For a general treatment we consider embedding these groups, G and H, into orthogonal group O(m + n + 1) and O(n + 1) where m and n take specific numbers as listed in table 2. There are conditions on an element of U(n) and Sp(n) as in table 2 with 
For an element of the coset embedded in O(m + n + 1) matrix z A B with A, B = 0, · · · , m, · · · , m + n it is convenient to denote z A 0 = x A . The orthonormal condition, z t z = 1, leads to the metric for a (m + n)-dimensional sphere
where J A B = (z −1 dz) A B is the left invariant (LI) one form. This is invariant under the global O(m + n + 1) transformation of x A , namely a round (m + n)-dimensional sphere.
On the other hand the same isometric symmetry of the sphere, G, is realized by a projective space as listed in (1) . An element of G ∋ z is partitioned into four blocks 4) where A, B, C, D are m×m, m×(n+1), (n+1)×m, (n+1)×(n+1) matrices respectively. Diagonal blocks A and D are subgroup H of the coset for a projective space, while only D is included in H for a sphere coset. One of the two off-diagonal blocks, C, contains projective coordinates. In order to describe a projective space it is convenient to parametrize z as [18] 
The parameters in (2.4) and (2.5) are related as u = A and X = CA −1 showing that X is projective. Under the G transformation, block coordinates are transformed as
The X parameter is a projective coordinate representing G by a fractional linear transformation. The LI current is calculated as
Each element is invariant under G transformation (2.6).
A sphere metric (2.3) is generalized to ds 2 = J X 2 + J u 2 with a suitable norm. The contribution of J Y 2 equals to J X 2 for the orthogonal group so we just use simpler expression J X 2 only. The norm w 2 is defined in such a way that it equals to the norm for a corresponding complex/quaternion number, |w| 2 . Complex conjugate " * " is taken care by transpose "t" when a complex matrix is embedded in an real O(n) matrix as shown in the following sections. For example, suppose that w is O(2) 2 × 2 matrix written as a1 2 + bǫ with real numbers a, b. The norm is defined as
when it is recognized as a complex number, w = a + ib.
We denote "tr M AB " as
M AA , since we only need this trace for m × m matrices, (J X t J X ) AB and (J u t J u ) AB , with m = 2 or 4 for complex or quaternion cases respectively. Both J X 2 and J u 2 are invariant under H transformation;
The orthonormal condition of z of (2.5) is given by;
Inserting this relation into (2.7), the square of J X is given by
This is a Fubini-Study metric for a projective space [19] . From the orthonormal condition of the first line of (2.9) u can be parametrized as
where 1 m is a m-dimensional unit matrix. The square of J u is given by
It turns out that this is a metric for the Hopf-fiber. Now let us perform a similarity transformation with a parameter λ as
Although this similarity transformation does not change the algebra, it scales a part of LI one forms as
Taking into account the rescaling ds 2 → ds 2 /λ 2 for a normalization, the metric for a sphere becomes
where X and U variables are complex or quaternion numbers and the norm w 2 is replaced by the usual norm |w| 2 ; for a complex case 2N × 2 rectangular matrix X is recognized as a complex N vector, and for a quaternion case 4N × 4 rectangular matrix is recognized as a quaternion N vector. The parameter λ in (2.15) is "squashing" parameter which is in general a function of coordinates [13, 14] . For such cases the similarity transformation (2.13) gives extra term in (2.14), which however is not added for preserving the G symmetry. This transformation is different from the Weyl transformation so the Weyl tensor becomes non-vanishing in many cases which causes supersymmetry breaking. The metric (2.15) has G invariance independently on the value of λ since each term is invariant under G transformations (2.6) . In addition to G symmetry ||J u || 2 term has another symmetry which is a shift of the Hopf fiber coordinate, independently on the value of λ. This deformation is recognized as the symmetry breaking of the orthonormal metric. A round spehre metric (2.3) can be written in terms of the orthonormal frame as
where O(m + n + 1) symmetry is manifest. However the squashed sphere metric (2.15) gives the following expression
where the symmetry of the orthonormal metric is broken to O(m)×O(n + 1). Despite of this smaller vacuum symmetry the projective coordinates can realize a larger symmetry G by the fractional linear transformation. Only for λ 2 = 1 the O(m + n + 1) invariance of the orthonormal metric is recovered in addition to G symmetry. In the λ → 0 limit a sphere becomes a projective space with the Fubini-Study metric (2.10) where the space dimension is reduced.
Real coset
At first we consider a real coset O(N +1)/O(N) as S 0 (±1 points) fibration over RP N . An element of G=O(N +1)∋ z is decomposed into four blocks as (2.4) . In the parametrization of (2.5) u and X are 1×1 and N×1 matrices respectively. For example N = 7 case, S 7 is written as S 0 (±1) fibration over RP 7 . A round seven sphere is easily seen in the parametrization of z ∈ O(8) as
with x 0 = u and x A = X A 0 u for A = 1, · · · , 7, while the Hopf fibration is easily seen in the RP 7 coordinates X A 0 with A = 1, · · · , 7 and the fiber coordinate u.
The fiber coordinate "u" in (2.11) can be chosen as
The LI one form responsible for the fiber is zero, J u = 0. The metric (2.15) becomes the one for RP N is calculated as
which is the metric for a "locally" round S N . In the second line from the bottom X 2 = r 2 and dX 2 = dr 2 + r 2 dΩ 2 (N −1) are used and r = tanθ is used for the last line. There is no room to introduce λ for the S 0 fiber.
Complex coset
Next we consider a complex coset U(N + 1)/U(N) which corresponds to S 1 fibration over CP N . When an element of U(N +1) matrix is embedded in (2N +2)×(2N +2) orthogonal matrix, z, it preserves a Kähler form metric z t Kz = K in (2.1) as well as z t z = 1 . Since ǫ 2 = −1 and ǫ t = −ǫ, ǫ is an imaginary base "i" and "transpose" is replaced with complex conjugate " * ". Then z is recognized as (N + 1)×(N + 1) matrix of complex numbers by recognizing a 2×2 matrix w = a1 2 + bǫ as a complex number w = a + ib with real numbers a and b.
Let us decompose a coordinate z ∈ U(N + 1) into four blocks as (2.4) . u and X in the parametrization (2.5) are 2 × 2 and 2N × 2 matrices respectively. S 7 is given by N=3 which is S 1 fibration over CP 3 . A round seven sphere and a Hopf fibration are easily seen in the following parametrizations of z ∈ U(4) respectively as
The fiber coordinate in (2.11) is parametrized as
From the metric formula (2.15) the metric for a S 2N +1 as S 1 fibration over CP N including a squashed parameter λ is given as (2.17) . It is also easily seen by introducing the coordinatesX I = X I e iφ , then the metric is rewritten as
At λ 2 = 1 with changing variables, I |X I | 2 = r 2 , I |dX I | 2 = dr 2 + r 2 dΩ (2N −1) and r = tan 2 θ, the metric becomes
describing a round S 2N +1 . The first two terms in (4.4) contain real symmetric combinations, |V | 2 , whose symmetry is not only U(N +1) but enlarged to O(2N +2). On the other hand the third term in (4.4) contains "imaginary" skew combinations V * W − W * V whose invariance is Sp(2N + 2;R). Requiring both invariances at λ 2 = 1 reduces to U(N + 1) invariance. Now let us consider Z k quotient of a sphere which is important deformation to change the topology [1, 14] . Lens spaces, S 3 /Z k , were considered for the geometrical interpretation of D-branes [21] . We present a general description of lens spaces in our coset formalism. Let ω be a primitive k-th root of unity, ω k = 1 and q 0 , q 1 , q 2 , · · · be coprime to k. A lens space L(k; q 0 , q 1 , q 2 , · · ·) is a quotient of the ω action for complex coordinates
. This is realized as the "left" action in our formalism as
Therefore it does not change the LI one form, z ω −1 dz ω = z −1 dz, and the "local" metric. But it changes periods of the fiber coordinates, so it changes a topology in general. A lens space L(2;1,· · ·,1) is RP 2N +1 , and lens spaces L(k;q 0 , q 1 , q 2 , · · ·) are S 2N +1 /Z k . We consider a lens space L(k;1,· · ·,1) as S 2N +1 /Z k [1] . Contrast to the squashing action (2.13), the Z k quotient is obtained by the left action of ω = e i2π/k operation:
In the second line it is shown that this action reduces into the action only on u. The Z k quotient z ∼ z ω reduces to u ∼ ωu which changes the boundary condition of φ introduced in (4.2),
In general boundary conditions in lense space produce more general topological deformations.
We can examine the effect of the Z k quotient at λ 2 = 1 for example, since the Z k quotient is independent procedure from squashing. For a round sphere metric (4.5) there is dφ 2 term where φ has period 2π/k. If we rewrite it in terms of a 2π period coordinate ϕ, then it becomes dφ 2 → dϕ 2 /k 2 so the orthonormal metric is distorted as δ φφ = 1 → δ ϕϕ = 1/k 2 . In the O(2 + 2N) matrix coordinate dφ is included only in the ds 2 S 1 , and the symmetry of the vacuum orthonormal metric is broken to O(2)×O(2N). It still preserve G=U(N + 1) symmetry manifestly independent from the value of k. The metric for a S 2N +1 /Z k , which is S 1 /Z k fibration over CP N , is given as
where ds
CP
N and A are the same as the ones in (4.3) . This is locally a round metric so the same Ricci curvature and the same energy independently on the value of k. But the isometry of this space is not O(2N + 2) but breaks down to SU(N + 1)×U(1) at k = 1. Increasing k, the fiber contribution becomes small and only CP N space remains which satisfies the Einstein condition in 2N-dimensional space.
Quaternion coset
In the last we consider a quaternion coset Sp(N + 1)/Sp(N) which corresponds to S 3 fibration over HP N . When an element of Sp(N +1) matrix is embedded in (4N +4)×(4N + 4) orthogonal matrix z, it satisfies U(2N + 2) condition z t Kz = K with (2.1) and the symplectic condition z t Lz = L with (2.2). Such matrix, z, is given by a (N + 1) × (N + 1) matrix where each element is 4 × 4 matrix w = a1 4 + bτ 1 + cτ 2 + dτ 3 with real numbers a, b, c, d and basisτ
(5.1)
are quaternionic imaginary basis and transpose is complex conjugate " * ". So w is a quaternion number giving a real norm,
Let us decompose a coset element z ∈ Sp(N + 1) into four blocks as (2.4) . u and X in the parametrization (2.5) are 4 × 4 and 4N × 4 matrices respectively. S 7 is given by N = 1 case, which is S 3 fibration over HP 1 . An element z ∈ Sp(2) is parametrized as follows:
The first parametrization is convenient for a round seven sphere and the second parametrization is convenient for the Hopf fibration.
From the orthonormal condition u can be parametrized as (2.11)
From the metric formula (2.15) the metric for a S 4N +3 which is a S 3 fibration over HP N is obtained as
where ℜ(w) denotes a real part of w. This metric has Sp(N + 1)×Sp(1) symmetry independently from the value of λ; The HP N coordinates, X I , are transformed as a linear fractional transformation given by (2.6) realizing Sp(N + 1) symmetry. The ds 2 S 3 has additional Sp(1) symmetry under which X I 's are inert.
As in the general argument (2.16) it becomes a round (4N + 3)-dimensional sphere at λ 2 = 1 and the global symmetry is enhanced to O(4N + 4). At λ 2 = 1 the metric (5.4) becomes the one for a round S 4N +3 which is easily seen in the following coordinates
( 5.5) where
Next let us focus on N = 1 case to examine a non-trivial squashed S 7 solution. In order to correspond a round S 7 coordinates and a squashed S 7 coordinates, Sp(1)∋ U and HP 1 coordinate X are expressed in terms of x A , A = 1, · · · , 7 with |X| 2 = x 4 2 and X = x 4 V as
This is an embedding of an instanton solution on S 4 into SU (2) 
where
2 which is different from θ in (5.5) . Two Sp(1) currents, ν i andν i , 
The Einstein metric condition, R ab = cδ ab ⇔ R mn = cg mn , equates these coefficients to be equal. There are two solutions
Detail of the computation is in the appendix. The λ 2 = 1 solution corresponds to an O(8) invariant round seven sphere solution, while the λ 2 = 1/5 solution corresponds to a squashed seven sphere which has only Sp(2)×Sp(1)= SO (5)×SO (3) invariance [3, 4] . Our coordinate system in (5.6) is slightly different from the one of the Awada, Duff and Pope, but it gives the same result which is the same ratio of sizes of the fiber S 3 and the base HP 1 =S 4 . For λ 2 = 0 it becomes the Fubini-Study metric of HP 1 .
Conclusion and discussions
We have presented a simple derivation of metrics for Hopf fibrations by a coset formulation. The coordinate is a group matrix and it is decomposed into four blocks. Fiber coordinates and projective coordinates are treated differently by embedding into different blocks; The former and the latter are embedded in an upper-left diagonal block and a lowerleft off-diagonal block respectively. The remaining diagonal block corresponds to the stability group. Projective coordinates realize the isometric symmetry manifestly by a fractional linear transformation. Squashing is introduced as a similarity transformation which preserves the isometric symmetry of the projective space. It changes the metric and curvature tensors. Squashed S 7 is also obtained in this formulation which is consistent with the one [3] . The Z k quotient is introduced as a lens space which also preserves the isometric symmetry of the projective space. It does not change the "local" metric but changes the topology. It may be interesting to examine general lens space solutions
Key of our simple description is the four blocks partition of a coordinate matrix (2.4) and (2.5) where the Hopf fiber coordinate is embedded in the upper-left diagonal block. This is not the case for the supersymmetrization of AdS 4 ×S 7 which is described by the supergroup OSp(8|4). The Hopf fibration breaks OSp(8|4) into OSp(6|4) where OSp(6|4) is embedded in a diagonal block, then the Hop fiber U(1) is not embedded in a diagonal block of this SO(8) spinor representation. In the supergroup matrix there is another U(1) under which OSp(6|4) is singlet, so this is embedded in the diagonal block. There are several important U(1)'s in OSp(8|4) clarified by Gomis, Sorokin and Wulff [7] . The Hopf fiber U(1) and U(1) in SU (4) The Ricci tensor with curved indices is R mn = e m a e n b R ab .
